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Power-Law Fluid Flow in Heated Vertical Ducts

A. T. Jones* and D. B. Inghamt
University of Leeds, Leeds, West Yorkshire LS2 9JT, England, United Kingdom

A hydrodynamically and thermally fully developed flow in a vertical duct is investigated. It is assumed that
the wall of the duct is maintained at a temperature which varies linearly with respect to the depth of the duct
to model a vertical duct in the Earth. Furthermore, in order to investigate flows during the drilling of muds
and the cementing process in oil wells, the fluid is assumed to be a power-law fluid and the fluid flow in concentric
annuli are investigated. The conditions under which multiple solutions are obtained is studied and the effects
of the Rayleigh number n, the relative thickness of the channels, and the enforced pressure gradient are
investigated.

Nomenclature
d = half-width of duct
k = thermal conductivity
Nu = Nusselt number, Eq. (29)
n = power-law index
p = fluid pressure
Ra = Rayleigh number, Eq. (8)
T = temperature
X, Y = nondimensional horizontal and vertical

coordinates, Eq. (5)
jt, y = horizontal and vertical coordinates
U, V = nondimensional horizontal and vertical velocities,

Eq. (5)
u, v = horizontal and vertical velocities
p = coefficient of thermal expansion
7 - rate of strain tensor
8^82 = nondimensional thickness of duct wall and outer

duct
£ = nondimensional pressure gradient, Eq. (7)
5 = nondimensional buoyancy, Eq. (5)
6 = temperature difference, T - Tw
A = applied temperature gradient
JJL = coefficient of viscosity
p = density of fluid

Subscripts
D = duct region
/ = inner duct region
n = quantities evaluated with n
O = outer duct region
W = wall region
w = on outer wall of duct
0 = quantities evaluated at T()

Introduction

L AMINAR combined convection in vertical ducts, pipes,
and annuli have become increasingly more important and

have been studied, both analytically and numerically, by sev-
eral authors. Until recently, these studies were largely re-
stricted to forced convection flows and extensive literature
surveys of this field have been performed.1 However, in prac-
tice, many problems involving heat transfer in nuclear reactor
flows, food production, the cooling of circuit cards, etc., are
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such that free convection affects are very important. In the
specific case when a linear temperature gradient is applied to
a thermally and hydrodynamically fully developed Newtonian
flow, and the Boussinesq approximation has been made, then
the resulting equations reduce to a fourth-order linear ordi-
nary differential equation for which an analytical solution can
be found. The original analysis for hydrodynamically fully
developed flows by Ostrach2 considered parallel plate ducts,
whereas Morton,3 Jackson et al.,4 and Hanratty et al.5 ex-
tended the study to circular pipes and Sherwin6 and Maitra
and Subba Raju7 have investigated flows in annular regions.

The characteristic behavior of the solutions depends on the
direction of the heating. When the wall temperature decreases
with height, the buoyancy force aids the flow, and therefore
increases the velocity everywhere. As the free convection
effects increase, then the velocity increases rapidly until at a
critical Ra the velocity becomes infinite. This phenomena is
known as "thermal runaway." This effect occurs first when
Ra = 7T4/16 and 33 in two-dimensional duct flow and circular
pipe flow, respectively.2-3-8 When the temperature on the outer
wall increases with height, the opposing buoyancy and pres-
sure forces reduce the velocity everywhere, and recirculation
regions appear near the center for Ra > 4tr4 in a two-dimen-
sional duct, and Ra > 600 in a circular pipe.

In the circulation of drilling muds and cement in the drilling,
and cementing processes in oil wells, then the effect of buoy-
ancy is very important, as is the thermal stratification of the
earth and the non-Newtonian nature of the fluid. In order to
keep the number of parameters to a minimum, we assume
that the fluid may be adequately represented by a power-law
fluid, although the Bingham-type fluid model is now more
widely used. Furthermore, because in the Earth the temper-
ature varies linearly with depth, we assume that the temper-
ature of the outer wall of the duct varies linearly with distance
along the duct. Also, in order to place cement in the region
between the central piping (casing) and the rock face, the
cement slurry is circulated down the casing and up the annular
region between the case and the rock face. Since the ratio of
the thickness of the annular region to the radius of the casing
is usually very small, then the problem may be considered to
be two-dimensional. Furthermore, the lengths of the casings
are usually very long, and the Reynolds numbers are of mod-
erate size, so that the flow over most of the length of the
casing may be considered to be fully developed. Therefore,
in this article we investigate both the fluid flow in three ad-
jacent and parallel vertical two-dimensional ducts and the
effects of the walls of the ducts having a finite thickness.

Formulation of the Governing Equations
We assume that the Boussinesq approximation is valid, all

physical properties are independent of the temperature, and
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Fig. 1 Flow geometries for cases a) I and b) II.

viscous dissipation is ignored in accordance with Beckett.8
Although real fluids exhibit large changes of viscosity with
temperature, and smaller ones in diffusivity, these effects are
secondary to the interaction of the buoyancy and pressure
forces.

Two geometries are considered in this article (Fig. 1). The
first, case I, corresponds to a two-dimensional vertical parallel
plate duct of width 2d with a wall thickness 8ld (we will refer
to case IA when 8{ = 0 and case IB when 8{ ± 0), and the
second, case II, is a counterflow in three adjacent channels,
where the outer channel has width 82d. The circulating flow
in case II is defined by the condition that the volume flux in
the center duct is balanced by that in the outer two channels
and is intended to provide a two-dimensional approximation
of circulating cement around an oil well. The systems are
referred to as two-dimensional Cartesian coordinates, with
the y axis vertically downwards and the origin on the center-
line of the region. In each case a uniform temperature gradient
\/d is applied in the vertical direction along the outer walls
of the duct.

Consider the steady vertical flow of a power law fluid of
density p subject to a prescribed pressure gradient in either
of the geometries shown in Fig. 1. We assume that the Bous-
sinesq approximation is valid and the temperature of the outer
wall is given by Tw = T{} — \(y/d), where T0 is the temperature
of the wall measured at the level of the origin, and all the
physical properties of the fluid are measured at T0. For fluids
with Prandtl numbers which are 0(1), the velocity and buoy-
ancy profiles develop over a distance which is €(Re d), and
since the ratio of the length of the channels to the diameter
are much greater than Re, then a hydrodynamically and ther-
mally fully developed solution is sought where the velocity
and buoyancy (T - TM,) profiles are independent of the height
y. If such a solution exists, then the temperature of the bulk
of the fluid can be written as T = Tw + 0(x). The momentum
equations are simplified by noting that the only nonzero com-
ponents of y are yvv = y , where

Hence

(v.=T, . -

(V-l), - - dx

(1)

(2)

(3)

and the vertical component of the full, steady momentum
equations becomes

Pb /J_ dpI
Mo

dv _ __ __^ _ (

where g is the acceleration due to gravity. It should be noted
that the convective acceleration in Eq. (4) is identically zero
since the flow is steady dv/dy = 0, and the horizontal com-
ponent of the velocity is zero.

In order to assess the effects of the various parameters in
the problem, Eq. (4) is nondimensionalized using the varia-
bles X, V, and 6, where

x = Xd, v = aV/d, 0 = AO

and hence

where

_d_ i\dV
dX \\dX

«**•*• A, A dp
<*>„ \A>dy

The nondimensional energy equation now reduces to

d20
AX2 = -V

(5)

(6)

(7)

(8)

(9)

£„ and Ran are functions of n, and if the values Ran and £„
are prescribed, then the relative magnitudes of the pressure,
viscous, and buoyancy forces are constant. In practice, both
£„ and Ran are 0(1), but in some circumstances they may be
as large as 0(102). If the value of n is allowed to vary, then
this is not the same as fixing the values of g/3A and dp/dy.
Also, varying Ran and („ in the same proportion (i.e., Ran ~
£„), with the value of n kept constant, is equivalent to varying
the term d2n + lp0/(a"iJL(}), which has the general form of a non-
Newtonian Reynolds number.

For case IA, Eqs. (6) and (9) have to be solved subject to
the nondimensional boundary conditions which are the sym-
metrical conditions

=
d* dX on X = 0 (10)

and the specified temperature and no slip on X = 1

® = V = Q on X = I (11)

where ®(X) = (T - Tn)/\ has been employed.
In case IB, there is heat transfer in the wall region, and so

Eqs. (6) and (9) have to be solved in the duct, and 0 varies
linearly with X in the wall. The symmetry condition is given
by Eq. (10) and we have

= eM

V = 0

= 0

on

on

X = 1

x = i + a,

(12)

(13)
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Using Eqs. (12) and (13), the nondimensional temperature
in the wall can be written as

(14)

For case II, the conductivities of the fluid in the inner and
outer regions are k, and k0, respectively. The equations are
nondimensional in terms of the properties of the inner region,
and so Eqs. (6) and (9) hold for 0 < X < 1, with all variables
having the subscript /, and the governing equations in the
outer region are given by

dV0\ _( ' \k0
~dx) ~ (~{"-° + Ra"-0&0) T,

(16)

The parameter £f is assumed to be given, and the volume flux
balance is used to evaluate £0 in terms of £/. The appropriate
boundary condition on X = 0 is given by Eq. (10), with V
replaced by V, and the boundary condition (12) holds with D
and W replaced by / and 0, respectively. Finally

®o = Vo = 0 on X = 1 + 82 (17)

and the conservation of volume flux gives

f V,dX + f+*2 V0dX = 0 (18)
J(} J \

Forced Convection Solution
The limiting case of forced convection is studied in order

to assess the effect of free convection on the flow and is given
by substituting Ran = 0 in the appropriate equations. Hence,
the solution of Eq. (6) is

r™ (19)

where for case IA we have

1 1 (II n + l)(lln + 4)
2 (1/n + 2)(l/n + 3) (1/n + 2)(l/n + 3)

(24)

while in case II, we have

1 82
B° = -2 I

21 n + 3 (87

/"2 + 8//I + 7 1 (82\/n+

n + 2)(l/n + 3)J U/

(lln + 1) / 1/n+ 4 82

(l/n + 2) \l//i + 3 2

(26)

(27)

Results
Numerical solutions of Eqs. (6) and (9) have been obtained

using a Runge Kutta Merson method subject to the boundary
conditions (10) and (11) for case IA, (10), (12), and (13) for
case IB, and (10), (12), (17), and (18) for case II. In all cases,
results which are accurate to 0(10~3) everywhere have been
obtained. Typical computing times are of 0(10) CPU s on an
AMDAHL 5860 computer, when using a local convergence
criterion for the velocity and buoyancy of less than 10~6.

Since the main aim of this article is to investigate the effects
of counterflows in channels, then in this section only one
example of the numerous situations considered is presented
for case I. Figure 2 shows the velocity and buoyancy profiles
in case IB for 8lkDlkw = 0.0, 0.25, 0.5, and 0.75, with Ra =
-1.0, /i = 0.5, and £„, = 1.0. As 8{kD/kw^Q, the profiles
tend towards those for the single duct in case IA, while as
the value of 8lkD/kw increases, the magnitudes of the velocity
and buoyancy force increase.

In the outer regions of the adjacent channel case II, the ve-
locity is given by

"1
where

C = 2(l/n

(20)

(21)

by
The buoyancy profiles, found by solving Eq. (9), are given

n + 3)
0 < X

®0(X) = C

(22)

s,\'in+lx-

A0X + B0

2 (1/n + 2)(l/n + 3)

1 < X < 1 + 82 (23)
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Fig. 2 a) Velocity profile V(X) and b) the buoyancy profile ®(X) for
case IB, with n = 0.5, f,/7 = 1, Ra,, = -1.0, and 8vkDlkw = 0.0,
0.25, 0.5, and 0.75.
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For a geothermal gradient the temperature decreases with
height, and for a Newtonian fluid, thermal runaway is pre-
dicted for Ra < 0. The velocity profile V(X) and the buoyancy
profile S(X) are shown in Fig. 3 for case II, with Ran = ± 1,
£nl = 1, 82 = 1, and n = 1.0, 0.7, and 0.5. The situation
when n = 1 corresponds to the Newtonian case. As n -^ 0.5,
the volume flux and buoyancy force increase (decrease) in
the inner region Ra = — l ( - f l ) , and there is a much greater
increase in the velocity between n = 0.7 and n = 0.5 com-
pared with that between n = 0.9 and n = 0.7 when Ra =
-1. It can be seen that as the value of n decreases, the shear
rate near the walls increases (decreases) fpr Ra = -1(4-1),
and the velocity profile near the center of each duct flattens.
When the wall temperature decreases with height this differs
from the forced convection solution in a single duct, where
the velocity is proportional to 1 - |^|1/w + 1 [Eq. (19)], and
hence the shear-rate decreases over the entire width of the
duct as the value of n decreases.

Figure 4 shows the velocity and buoyancy profiles in case
II for n - 0.5, 82 = 1, and for various values of Rdn ~ ±
£„,. As the values of \Ran\ and (nl increase, the total volume
flux and buoyancy force increase, since this is equivalent to
increasing the non-Newtonian Reynolds number.

Figure 5 shows the change in the velocity and buoyancy
profiles in case II for various values of 62, and for Ran = — 1,
£„/ = 1, and n = 0.5. As expected, the flow in the inner
region decreases towards the solution in a single duct as the
width of the outer channel decreases, and as the value of 82
increases the magnitude of the peak velocity in the outer
region decreases. It is observed that this decrease in peak
velocity is more rapid than in the Newtonian case. This is due
to the flattening of the velocity profile as the value of 82
increases, which becomes more extreme as the value of n
decreases. Figure 5b shows that the buoyancy force increases
as the value of 32 increases.

Figure 6 shows the velocity and the buoyancy profiles for
Ran = 0.0, ±1.0, and ±2.0, with fnl = 1, n = 0.5, and
d2 •= 1, and varying the value of Ran is equivalent to varying
the buoyancy parameter g/3A. The forced convection solution
is shown in Fig. 5 for comparison with the combined convec-
tion solution and corresponds to Ran = 0. As the value of
Ran increases, the magnitudes of the velocity and buoyancy
force decrease over the entire duct as in the Newtonian case,

0.8
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0.5 1 1-5 20
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Fig. 3 a) Velocity profile V(X) and b) the buoyancy profile ®(X) for
case II, with Ra,, = ± 1, £„, = 1, 52 = 1, and n = 0.5, 0.7, and 1.0.
a and b refer to — and + signs, respectively.
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Fig. 4 a) Velocity profile V(X) and b) the buoyancy profile 0(X) for
case II, at various values of Ran ~ ± £„, with n = 0.5, Ra,,/£n/ =
— 1, and 52 = I . a and b refer to — and + signs, respectively.

but this increase becomes more rapid as the value of n de-
creases.

Heat Transfer Characteristics
The nondimensional mean temperature and Nusselt num-

ber are definecj by

(28)

(29)

0 = 0

NU= -(^ / ( © - ej
V ;r=i/

The forced convection Nusselt number for case IA is there-
fore given by

Nu = 3(l/n + 4)
1/n + 5 (30)

and is unaffected by the presence of any outer region. There-
fore, expression (30) gives the Nusselt number in the inner
region for case II, and the forced convection Nusselt number
in the outer region is given by

Nu0 = 12(11 n + 4)
4/n + 17

(31)

In case II, the Nusselt numbers in the inner and outer regions
are defined as

(32)

(33)

Figure 7 shows the variation of the Nusselt numbers defined
in Eqs. (32) and (33), as functions of n with Ran = - 1, Ran
= 0, and Ran = 1. For the forced convection case, Ran = 0,
Eqs. (30) and (31) imply that the values of Nu, and Nu0 both
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0.0

0.0 0.5 1.0 1.5 2.0
b) X
Fig. 5 a) Velocity profile V(X] and b) the buoyancy profile 0(X) for
case II, with n = 0.5, Rda = -1, £,|7 = 1 and 52 = 0.25, 0.5, 0.75,
and 1.0.

tend to 3 as n —> 0, and as the value of n increases towards
the Newtonian case, ft - 1, the values of Nuf and Nu0 de-
crease towards 5/2 and 20/7, respectively. Hence, the decrease
in the value of Nut is more rapid than the decrease in the
value of Nu0, which varies little from the Newtonian value.
The variations in Nuf and Nu0 for Ran £ 0 are similar to the
forced convection case. However, for any given value of n,
the values of the Nusselt numbers increase as the value of
Ran increases, and for the values of Ran shown in Fig. 7 the
greatest variation in the values of Nuf and Nu0 with the value
of n occurs when Ran = 1.

Multiple Solutions
The NAG routine D02HBF uses shooting methods, and so

for the range of values of the parameters Ran and t$ where
there ar£ multiple solutions for the velocity, then different
solutions can be obtained depending on the initial estimates
made for the unknown parameters in the problem. For case
I, Fig. 8 shows the variation of F(0) as a function of Iog10|/taj
for Ran < 0, and clearly there are multiple solutions. The
various solutions, for the single duct, case I, can be found in
the majority of regions defined by \Ran\< 10,000 by tracking
the solution along one of the solution branches. To explain
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Fig. 6 a) Velocity profile V(X) and b) the buoyancy profile ®(X), for
case II, with n = 0.5, £„, - 1, S2 ==" 1, and Ran = 0.0, ±1.0, and
± 2.0. a and b refer to — and + signs, respectively.

this further, the method for finding all the solutions over the
range of Rayleigh numbers \Ran\ < 10,000 is illustrated here.

To obtain solutions for the range of Rayleigh numbers \Ran\
< 1, it has been found that a good initial estimate for the
unknown parameters is not required. Therefore, the solution
is first found for a value of Ran in this range and is then tracked
along curve (1), see Fig, 8, by gradually increasing the ab-
solute value of the Rayleigh number. The solution for the
previous value of \Ran\-is used to evaluate an approximation
for the unknown parameters for the present value of \Ran\.
Similar methods are applied to the other branches of the
solution curves, except in the vicinity of the limit points, which
are defined by

d\Ran\ - 0 at (34)

Region A in Fig: 8 shows the neighborhood of one such limit
point where there are three solution branches.

The shooting method becomes numerically unstable in some
neighborhood of the limit points which is typically given by
\Ran — Rac\ < 0(10). Due to the power-law nonlinearity of
the system, expansion techniques such as those used by Mer-
kin and Ingham,9 were found to be numerically unstable when
used to solve Eqs. (6) and (9). Therefore, whenever the shoot-
ing method becomes unstable, the continuation method as
described by Bohl10 has been employed.

The results for the centerline velocity, V(d), are presented
function of \ogw\Ran\ in Fig. 9 for'\Rdn\ < 10,000. It can clearly
be seen that for the Newtonian case, n = 1, that K(0) —> ±
oo at Ra = JR0c,"and that the value of each \Ra(\ increases as
the value of n decreases, with the second value of Ra(. being
-493.13, -503.81, and -554.95 for' n '= 1, 0.9, and 0.8,
respectively. A cycle can be defined as the continuous open
curve between successive asymptotes, and then on each cycle
the range of values of Rdn for which the multiple solution of
V(0) are 0(1) increases in size as the value of n decreases. As
in the Newtonian case, the value of F(0) can be either positive
or negative, depending on the value of Ran. However, for
certain values of Ran, when n =£ 1, one solution branch may
have negative values of F(0), while the other has positive
values of F(0). As the value of n decreases, the gradient of
the asymptotes that are defined by V(0) —> ± °°, decreases,
i.e., for Ra — Rac, a given value of V(0) on these curves
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Fig. 1 Nusselt numbers Nur and Nu0 for case II as functions of n for
Ran = -1, Ran = 0, and Ran = 1.
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Fig. 8 Multiplicity of V(0) as a function of log,0|Jfan|.

Fig. 9 Centerline velocity V(0) for case IA as a function of Iog10 \Ran\
with -10,000 < Raa < 0, n = 0.8, 0.9, and 1.0, and („ = 1.0.

occurs at smaller values of Ran for lower values of n. This
results from a flattening of the velocity profiles near the cen-
terline of the duct as the value of n decreases, and this is a
common feature of power-law fluids. An important point to
note is that the curve on the left side of each cycle has an
obtuse-angled corner, while the turning point on the right side
of the cycle has an acute-angled corner, although from the
scale of Fig. 9 this is not obvious for the first value of Rac.
The acute-angles on the V(0) curve are the cause of the nu-
merical instability that is encountered when trying to solve
the governing equations using standard shooting methods.

Discussion of Results
In this article, numerical investigations have been carried

out into the fully developed flows of power-law fluids, and
the results show good agreement with the limiting case of
Newtonian flow. The velocity and buoyancy profiles for a
power-law fluid depend on the direction of the flow and of
the temperature gradient on the outer walls of the duct, unlike
those in the corresponding Newtonian problem. The effects
on the velocity and buoyancy force of varying both the Ray-
leigh number and parameters such as 82 are discussed. The
heat transfer increases as. the value of the Rayleigh number
increases, as in the Newtonian case, and increases as the value
of the n increases, as in the forced convection case.

It is of much mathematical interest to note that thermal
runaway occurs for the flow of both Newtonian and power-
law fluids when the wall temperature decreases with depth.
Furthermore, it has been revealed that power-law fluids have
multiple solutions for some ranges of values of the Rayleigh
number. In order to obtain such solutions continuation meth-
ods have been used and novel results presented.

When the temperature increases with depth then the results
presented in this paper are of much interest in the drilling
and cementing of oil wells. The theory is applicable over
almost the entire length of the piping and it is easy to extend
to other non-Newtonian fluids, geometries, thermally varying
properties, etc. At present there is very little experimental
data, but when this becomes available the present theory will
be invaluable in predicting the modifications to be made in
the properties of the cement and muds being used in the oil
industry to make these processes more efficient.
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